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Aerodynamic Design of Transonic Wings Using
the Target Pressure Optimization Approach

Hyoung-Jin Kim* and Oh-Hyun Rho†
Seoul National University, Seoul 151-742, Republic of Korea

A target pressure optimization code with a genetic algorithm was developed for the inverse design of
transonic wings. The shock strength was minimized, and the isobar line sweep angles on the upper surface
of the wing were maximized to obtain minimum wave drag while constraints on spanwise lift distribution
and section pitching moments were satis� ed. With the target pressures at each design section speci� ed,
an inverse design code was run subsequently to obtain the wing geometry. The designed wing showed
better performance than the baseline wing at the given design condition, and geometrical constraints on
the section contour area are successfully satis� ed. Design results show that the inverse design using the
target pressure optimization approach was very ef� cient in obtaining a transonic wing of high perfor-
mance at a given design condition.

Nomenclature
A = normalized wing section area, area/c2

CL, CD, CDw, CM = wing lift, drag, wave drag, and moment
coef� cient

C l, Cd, Cdw, Cm = section lift, drag, wave drag, and
moment coef� cient

Cpt, Cpc = target and computed pressure coef� cient
c = wing section chord
ds = design section
M, M` = local, freestream Mach number
t/c = maximum thickness-to-chord ratio of

wing section
h = semispan fraction, 2y/b
LL.E. = sweep angle of leading edge
L1/2 = sweep angle of 1.2 chord line

Subscripts
i = index of wing section surface grid points
0 = value of the baseline wing

Introduction

W ITH the advances in computational � uid dynamics,
computational design methods in the aerodynamic de-

sign of aircraft components have become even more important
than before. Computational methods in aerodynamic design
can be roughly categorized into the following two classes: 1)
direct numerical optimization methods and 2) inverse methods.
The inverse methods are much faster and more ef� cient than
the direct numerical optimization. However, it is not so easy
to specify a target pressure distribution, which renders favor-
able aerodynamic performance and reasonable shape.Although
a skillful aerodynamic designer can come up with successful
target pressures, design ef� ciency can be improved by provid-
ing the designers with a tool for specifying the target pressure.
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For this purpose, numerical optimization of the target pres-
sure for the inverse design of transonic airfoils has been stud-
ied by several researchers.1–3 Obayashi and Takanashi,2 in par-
ticular, also conducted a three-dimensional wing design with
the target pressure optimization approach. However, they op-
timized target pressures in a two-dimensional manner and im-
posed the same target pressure at each of the design sections.
They did not consider any three-dimensional features such as
planform, shock sweep angle, spanwise wing loading, etc.

Some other strategies were also exploited to circumvent the
dif� culty in imposing target pressures. Campbell4,5 developed
the constrained direct iterative surface curvature (CDISC)
method to avoid the dif� culty of target pressures speci� cation,
and applied it to the design of airfoils and wings. The CDISC
method develops initial target pressure distributions from the
current analysis pressure and then modi� es them in the design
process to meet the desired � ow characteristics. Jameson et al.6

adopted a two-stage design strategy for a design of a wing –

body transport aircraft. In the � rst stage a design calculation
is performed in the direct optimization mode with Euler equa-
tions. Then in the second stage the pressure distributions of
the Euler solution are used as the target pressures for inverse
design with the Navier– Stokes equations.

In this study the optimization of target pressures for tran-
sonic transport wing designs is emphasized and, thus, a target
pressure optimization code for transonic wing design is de-
veloped and applied for transonic transport wing design prob-
lems. Three-dimensional features such as spanwise wing load-
ing distribution and shock sweep angles or isobar line sweep
angles as well as section lift and moment coef� cients are con-
sidered, and compressibility drag is minimized for given con-
straints. A genetic algorithm (GA) is adopted to optimize target
pressures as in the two-dimensional target pressure optimiza-
tion case.3 The optimized target pressures can be used as input
data to any kinds of inverse design codes that are applicable
to three-dimensional transonic wing design. The hybrid inverse
optimization method developed by Santos and Sankar7 is used
for inverse design of transonic wings. This paper will present
details of the procedure used in the inverse design routine,
target pressure optimization, and some design examples.

Flow Analysis
A three-dimensional Navier– Stokes solver developed by

Hwang8 is used for � ow analysis. Reynolds-averaged three-
dimensional compressible thin-layer Navier– Stokes equations
are used in conservation form. Roe’s � ux difference splitting
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Fig. 2 Schematic representation of target pressure.
Fig. 1 Pressure distribution for ONERA M6 wing (M` = 0.84,
a = 3.06 deg, and Re` = 11 3 106).

Table 1 Comparison of aerodynamic
coef� cients of ONERA M6 winga

CL CD

Present result
(135 3 41 3 30)

0.2695 0.01817

Radespiel et al.10

(289 3 65 3 49)
0.2677 0.01782

a
M` = 0.84, a = 3.06 deg, and Re` = 11 3 106.

scheme is adopted for the space discretization; a MUSCL ap-
proach with � ux limiter is employed to obtain a higher order
of accuracy. Yoon and Jameson’s lower-upper symmetric-
Gauss – Seidel method is used in the implicit part. Turbulence
effects are considered using the Baldwin– Lomax model with
relaxation technique. To improve convergence, local time step-
ping is applied.

A C-type grid system around the section airfoil is generated
by a conformal mapping technique and expanded spanwisely
to produce a C– O-type grid system. We use 135 points in the
streamwise direction, 41 points in the normal direction, and 30
points in the spanwise direction.

The transonic � ow over the ONERA M6 wing is analyzed
to validate this � ow solver and grid system. The � ow condition
is M` = 0.84, a = 3.06 deg, and Re` = 11 3 106 based on the
semispan length. The pressure distributions along the two
spanwise stations of the wing are displayed in Fig. 1. The
present results agree well with the experimental data.9 The lift
and drag coef� cients are compared with another computation10

as the experimental values are not known (see Table 1). Al-
though a somewhat coarser grid has been used here, the lift
and drag coef� cients agree well with the � ne grid result (289
3 65 3 49).

Hybrid Inverse Optimization Method
The modi� ed Garabedian– McFadden (MGM) equation11 is

used to correlate the difference between the computed surface
pressure and the target pressure to modify the wing section
geometry

F Dz 1 F Dz 1 F Dz = R, (R = C 2 C ) (1)0 1 x 2 xx pt pc

where coef� cients F0, F1, and F2 are nonnegative constants
chosen to provide a stable iterative process, and R is the re-
sidual. The MGM equation is solved using a � nite difference
scheme. The discretized MGM equation forms a tridiagonal
system and can be written as

[M ]{Dz} = {R} (2)

The detailed expressions for elements of matrix M are given
by Malone et al.11

The objective function is de� ned to solve Eq. (2) with an
optimization technique as follows:

1 2–F(D z) = u [M ]{Dz} 2 {R} u (3)2

An external penalty function method is used to specify the
geometric constraint. The conjugate gradient method12 is uti-
lized to minimize the objective function [Eq. (3)]. The com-
putational time required to calculate the objective function and
its derivative is negligible compared with the time required by
the � ow solver. The geometry of the design section is updated
by adding the displacement Dzi to the corresponding grid
points.

The preceding method was developed by Santos and Sankar7

and is referred to as the ‘‘hybrid inverse optimization method’’
because it solves the inverse design problem with an optimi-
zation technique.

Target Pressure Optimization with a GA
A target pressure optimization code developed by the au-

thors for the optimization of target pressures for transonic air-
foil inverse design has been extended for three-dimensional
wing design.3 Figure 2 shows the characteristic surface pres-
sure distribution de� ned by eight points for a typical transonic
wing section. Shape functions are used for interpolation be-
tween these points. The location of characteristic points, local
Mach number at each point, and the coef� cients of shape func-
tions are used as design variables. The boundary-layer calcu-
lation is avoided to reduce computational time. Instead, the
slope of the pressure distribution is checked as the � ow sep-
aration criteria. Some details of the target pressure optimiza-
tion are explained next.

De� nition of Shape Functions (Refer to Fig. 2)

Stagnation � ow region (4 ; 3, 4 ; 5): In the two-dimen-
sional case we used a stagnation � ow shape function,1 de� ned
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by approximating the potential � ow velocity distribution
around elliptic cylinders (for small x /c and small incidence
angle)

u (1 1 da ) da 3 (x /c) 6 [da 1 da 3 da 3 (x/c)] 1 2 da 3 (x/c)Ï Ï1 3 2 3 4 3
= (4)U 1 2u –da 3 (x/c) 1 da` Ï2D 3 4 1

1 sign for upper surface and 2 for lower surface. da1 ; da4

represent the design variables that should be adjusted in the
optimization procedure. Nose radius and incidence angle may
be estimated from the following equations:

2 2(R/c) = (0.5/da ) 3 da (1 2 M )nose 3 1 `

2a = da 3 (1 2 M ), radÏ2 `

Unlike the two-dimensional � ow around the airfoil, the value
of u4 is not zero but u` sin LL.E. by simple sweep theory. Thus,
some modi� cation is made to Eq. (4) as follows:

u u u u4 4
= 1 1 2 (5)U S D Uu u u u` ` 3 `sweep 2D

Roof-top region (3 ; 2, 5 ; 6):

11db3M = db 1 db [(x/c) 2 (x/c) ] (6)1 2 b0

Index b0 refers to the starting point of the region.
Shock relation (2 ; 29): In the two-dimensional cases, shock

was speci� ed when M exceeded 1.1 at control point 2.3 Here,
the shock-triggering Mach number is 1.1/cos L1/2 by the simple
sweep theory. The shock thickness value, which is de� ned as
the difference between the chordwise location of point 2 and
29, is set to 0.05c. In viscous airfoil � ow, the pressure jump
measured at the foot of the shock is less than the Rankine–

Hugoniot pressure jump. Thus, a modi� ed Rankine – Hugoniot
relation of the following form is used for an approximation of
the pressure jump13:

p 2g29 2= 1 1 A(M 2 1), 0.55 # A # 0.75 (7)2
p g 1 12

A is set to 0.65 for this case.
Constant pressure region behind shock (29 ; 20): It is

known that a pressure plateau behind the shock wave is nec-
essary to stabilize the boundary layer.14 A constant pressure
distribution is speci� ed for length l, l being the design variable.
However, it is not intended to stabilize the boundary layer by
varying the length l.

Pressure recovery region on upper surface (20 ; 1): This
region could be represented by an approximating function of
Stratford pressure distribution. However, a straight line con-
necting the two points is used for simplicity. Cp at the trailing
edge are given a priori.

Pressure recovery region on lower surface (6 ; 7): A fourth-
order polynomial is de� ned for this region as

2 3
x x x x x x6 6 6

M = M 1 dc 2 1 dc 2 1 dc 26 1 2 3S D S D S Dc c c c c c
4

x x6
1 dc 2 (8)4 S Dc c

Rear loading region (7 ; 8): For this region a simple poly-
nomial is de� ned as

2
x x x x7 7

M = M 1 dd 2 1 dd 2 (9)7 1 2S D S Dc c c c

Characteristic points and shape functions presented in the
preceding text can represent target pressure distribution around

the transonic wing section. Not all of them are independent
and 15 design variables per each design section were used for
target pressure optimization. In this study three design
sections were used, making the number of design variables
45.

Estimation of Wing Characteristics

Before the aerodynamic coef� cients are estimated, the pres-
sure distribution is smoothed in the following manner:

1 2 w
Cp = w 3 Cp 1 (Cp 2 Cp )i,new i i21 i1 1

2

0 < w < 1 (10)

It is assumed that wing sections with the same value of the
following equation at the same � ow condition, planform, and
spanwise position have the same maximum thickness1:

12t 1 2 M Cp 1 Cp xÏ ` u l> 2 d (11)S D E S Dc 2 2 c0

A relation to estimate the magnitude of wave drag coef� -
cient of an airfoil has been proposed by Campbell4:

0.04 4C > (M 2 1) (12)dw 21.5(t/c)

The wave drag coef� cient of a sweep back wing section is
approximated as follows:

4
0.04 1.1

C > M cos u 2 1 0.1 (13)dw 2 sS D1.5(t/c) cos L1/2

where us is the shock sweep angle. An estimation of the total
wave drag coef� cient of a wing can be obtained by integrating
the section values along the wingspan:

b/2
2

C > C c 3 dy (14)Dw dwES 0

We can reduce the wave drag by reducing M2, the Mach num-
ber in front of the shock wave and cos us.

To consider the viscous drag component the boundary-layer
calculation can be included in the target optimization
code at the cost of additional computational time. However,
the inclusion of viscous drag has little effect on the optimum
solution because the increment of compressibility drag is dom-
inant in the total increment of wing drag in transonic � ow
region, and � ow separation can be prevented by specifying a
constraint on the slope of the pressure distribution. If this target
pressure optimization method is to be applied to subsonic
airfoil/wing design, boundary-layer calculation should be in-
cluded.

Problem De� nition

The objective of optimization in this study is to obtain target
pressures that render less wave drag than the baseline wing
with lift, with maximum thickness being nearly the same. The
wing loading is speci� ed as an elliptic distribution to reduce
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Fig. 5 Evolution history of populations.Fig. 4 Flow chart of inverse wing design.

Fig. 3 Flow chart of target pressure optimization.

the induced drag. The optimization problem is de� ned as fol-
lows.

Minimize CDw subject to 1) elliptic wing loading distribu-
tion, 2) t0/c 2 0.001 # t/c # t0/c 1 0.001, 3) Cm0 2 0.02 #
Cm # Cm0 1 0.02, and 4) dCp/d(x /c) # 2.3.

Constraint 4 on the gradient of the pressure is taken from
Ref. 14 to avoid � ow separation after the shock and is speci� ed
for the pressure recovery region. Some other constraints were
also imposed to make the target pressure distribution reason-
able: 5) 0.4 # Cp7 # Cp8, 6) , 7) # 0,Cp u # 0 Cp ux/c=0.2 x/c=0.6

and 8) 20.4 # Cp6 # 0 (where the subscripts are the control
point numbers in Fig. 2). Constraint 5 is employed to make
the pressure distribution rear-loaded and is not speci� ed on the
inboard design section. In this study an additional constraint
is also speci� ed such that the pressure distribution on the lower
surface and around the leading edge is similar to that of the
baseline wing.

All of the constraints were speci� ed at each design section
and included in the objective function as the penalty function
term multiplied by proper weighting factors. Although only the
section moment constraint is roughly speci� ed here, a con-
straint on the total moment coef� cient CM can also be speci� ed.

Optimization with GA

The objective function of this target pressure optimization
problem is severely nonlinear, and the gradient of the objective
function is discontinuous.1 Thus a robust optimization tech-
nique that does not use the gradient information of the objec-
tive function should be used. GA is a searching algorithm
based on natural selection and survival of the � ttest. It has
become popular recently because of its robustness and capa-
bility for � nding the global minimum.

In this study the Genocop code (version 2.1), which adopts
a GA based on the real number coding, is applied for the target
pressure optimization.15 In the Genocop code reproduction is

based on the cumulative probability of survival of each pop-
ulation. The agents that died are replaced by a new population
generated by seven genetic operators: whole arithmetic cross-
over, simple arithmetic crossover, heuristic crossover, uniform
mutation, boundary mutation, nonuniform mutation, and whole
nonuniform mutation. The frequencies of the seven operators
are set equal.

Figure 3 shows a � owchart of target pressure optimization
by GA. First, populations are randomly created, then a pressure
distribution is made for each population, lift and moment co-
ef� cients are calculated, and drag coef� cient and maximum
thickness are estimated. With these values, � tness values can
be calculated for each population. Genetic operators such as
reproduction, crossovers, and mutations are applied to generate
new populations of the next generation. This routine is re-
peated until the maximum generation number is reached.

Design Procedure
The � owchart of a transonic wing design routine is shown

in Fig. 4. First, a baseline wing is selected and a grid system
is generated around the wing. The surface pressure is obtained
by the � ow solver at a given design condition. Target pressure
is optimized with GA for the given � ow condition and con-
straints. Then the hybrid inverse optimization method is used
to obtain the vertical displacements of the design section grid
points reducing the objective function [Eq. (3)] and satisfying
the geometric constraints. Design sections are updated with the
vertical displacements. Wing sections other than the design
sections are interpolated from the design sections by a C-spline
method inboard and by a linear interpolation outboard. Then
the grid system is modi� ed algebraically for the new wing
geometry. This design cycle is repeated until the geometric
modi� cation is suf� ciently small.

Results and Discussion
The sweep angle of the baseline wing is 27 deg, and the

aspect ratio is 8.49. The chord length ratio of the wing tip to
the root is 0.266, and that of the wing planform break position
to the root is 0.58. The wing section at the outer board is
RAE2822, and the section airfoil at the root is the uncambered
RAE2822. The thickness-to-chord ratio of the section airfoil
is increased to 15% at the root and reduced to 11% at the
break and tip. The C-spine interpolation is used to generate
inboard sections and linear interpolation for outboard sections.
The twist angle is 4 deg. Three design sections are selected as
h = 0.057, 0.343, and 0.918. The second design section is at
the wing planform break position.

Design Example I

Design conditions are M` = 0.78, CL = 0.50, and Re = 7 3
106, based on the root chord length. The objective of the � rst
design example is to improve the performance of the baseline
wing at the given � ow condition.
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Fig. 7 Upper surface pressure contours at CL = 0.50.
Fig. 6 Surface pressure and airfoil shape at CL = 0.50. Design
section a) 1 (h = 0.057), b) 2 (h = 0.343), and c) 3 (h = 0.918).

First, the � ow� eld around the baseline wing is analyzed to
obtain the surface pressure distribution and the aerodynamic
coef� cients. Then the target pressure at the design condition is
optimized. GA was run with the population number of 200 and
maximum generation number of 1500. Figure 5 shows the ev-
olution history of population. Because of severe nonlinearity
of the objective function, some populations with very large
� tness value occur in almost every generation throughout the
evolution process. Thus, the average � tness value does not
decrease after the 500th generation and keeps oscillating.
Computational time for target optimization with GA was about
30 min using a Pentium personal computer running at 120

MHz. A population number of 400 was also tested to obtain
nearly the same optimum solution.

With the optimized target pressure at each design section,
an inverse design was performed to produce subsequent wing
geometry. Geometric constraints are speci� ed on design sec-
tion areas as follows:

0.0900 # A # 0.0920ds1

0.0708 # A # 0.0720 (15)ds2

0.0708 # A # 0.0720ds3

where lower limits of the inequality equations are the normal-
ized section contour areas of the baseline wing.

It took about 1.5 times the cost of an analysis to run the
inverse design code. The designed wing will be referred to as
W7850, which represents a wing designed at M` = 0.78 and
CL = 0.50.

Figure 6 shows the pressure distribution and wing section
shape at each design section, a reduction of shock strength can
be seen. Also, the location of shock has been moved upstream
in the neighborhood of the root (design section 1) and down-
stream in the neighborhood of the tip (design section 3). Con-
sequently, the shock sweep angle has been increased.

Although the target pressure on the lower surface was
thought to be similar to that of the baseline, the target pressure
at design section 1 is very different from the baseline pressure.
This caused a drastic change in the section airfoil shape. The
� rst design section airfoil of W7850 had a � atter upper surface
and a smaller nose radius than the baseline, and the camber
was increased at the front part of the section airfoil. The sec-
ond design section airfoil was slightly changed to remove the
shock wave. The section airfoil of design section 3 had a
smaller nose radius than the baseline. Figure 7 shows the upper
surface pressure contour of the baseline wing and W7850. The
shock strength is reduced and the shock sweep angle is in-
creased.

In Table 2 the aerodynamic performance has been improved,
and the geometric constraint on the section contour area has
been satis� ed. The section contour areas all have the upper
limit values of the given constraint [Eq. (15)]. Figure 8 shows
the wing loading distribution over the wingspan. The wing
loading distribution of W7850 compares well with the target
elliptic wing loading distribution.
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Table 2 Aerodynamic coef� cients
of example I

Baseline W7850 D, %

CL 0.4973 0.4989 10.22
CD 0.02167 0.02088 23.65
L/D 22.94 23.89 14.14
A

ds1 0.0900 0.0920 12.22
ds2 0.0708 0.0720 11.69
ds3 0.0708 0.0720 11.69

Fig. 8 Wing loading distribution at CL = 0.50.

Table 3 Aerodynamic coef� cients
of example II

W7850 W7860 D, %

CL 0.5939 0.5985 10.77
CD 0.02635 0.02591 21.67
L/D 22.54 23.10 12.48
A

ds1 0.0920 0.0900 22.22
ds2 0.0720 0.0720 0
ds3 0.0720 0.0719 20.14

Fig. 9 Surface pressure and airfoil shape at CL = 0.60. Design
section a) 1 (h = 0.057), b) 2 (h = 0.343), and c) 3 (h = 0.918).

Design Example II

The objective of the second design example is to improve
the off-design performance of W7850 when the lift coef� cient
is increased by 0.1. The design condition is CL = 0.60 with
other conditions; this is the same as the � rst design example.
The angle of incidence is increased to obtain a lift coef� cient
of 0.60. The target pressure was optimized with the same pop-
ulation and generation number as design example I. The in-
verse code was run with the same geometric constraint [Eq.
(15)]. It also took about 1.5 times the cost of an analysis to
run the inverse design code as in the � rst design example. The
designed wing will be referred to as W7860, which represents
a wing designed at M` = 0.78 and CL = 0.60. Figure 9 shows
the pressure distribution and the wing section shape at each
design section. As in example I, shock strength has been re-
duced. Also, shock sweep angle has been increased by moving
the shock upstream in the neighborhood of the root (design
section 1) and downstream in the neighborhood of the tip (de-
sign section 3). The � rst design section airfoil of W7860 has
a � atter upper surface and a larger nose radius than W7850.
For the second design section airfoil, slight change has been
observed near the 70% chord to remove the weak shock. The
third design section airfoil has a sharper leading edge than
W7850.

Figure 10 shows the upper surface pressure contour of
W7850 and W7860 at CL = 0.60. W7860 has larger sweep
angles of isobar lines than W7850, and the shock strength at
the design sections is decreased. However, shock wave still
exists at the midregion of outboard. To improve this design
result the number of design sections should be increased. Al-
though it is not shown here, the wing loading distribution over
the wingspan compared well with the target elliptic distribu-
tion. Table 3 shows aerodynamic coef� cients of W7850 and
W7860. W7860 has better performance than W7850 at CL =
0.60.

The off-design performance of the wings designed through
the two design examples is shown in Fig. 11. When CL is
around 0.50, W7850 has a larger L /D value, whereas W7860
has a larger L /D value at higher lift coef� cients. This shows
the limit of single-point design; single-point design does not
guarantee its off-design performance. Therefore, multipoint de-
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Fig. 10 Upper surface pressure contours at CL = 0.60.

Fig. 11 CL vs L /D curves.

sign is needed to improve the off-design performance of sin-
gle-point design.

Concluding Remarks
A target pressure optimization code with GA has been de-

veloped for transonic wing design problems. The inverse de-
sign of transonic wings has been performed by the hybrid in-
verse optimization method with the optimized target pressures.
The single-point designed wings showed better performance
than the initial wings at the design condition. The designed
wings have a weaker shock and a larger shock sweep angle
than the initial wings. By utilizing this target pressure opti-
mization code, the transonic wing design could be performed
very ef� ciently.

To improve the quality of the optimum target pressure, shape
functions for the target pressure optimization should be re-
� ned, and the number of control points and shape functions
should be increased. To consider viscous drag component,

boundary-layer calculation should be included in the target op-
timization code with the cost of computation time. In addition,
the number of design sections should be increased to further
improve single-point design.

Also, multipoint design is required to improve off-design
performance. The extension of this design approach to multi-
point transonic wing design is underway.
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